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ABSTRACT 
With any finite collection of finite connected graphs (or equivalently any finite 
graph) the authors associate a numerical identity in terms of spanning forests. The 
result is interpreted for matroids, and a dual identity is also obtained. The authors 
use the result to establish various combinatorial identities, for example, it is shown 
that for n ~ 3, 
n-1 ?-s 1)- . . . .  nn-~ 
s=l 
1. INTRODUCTION 
Let G be a finite graph. We use the notation E(G) and V(G) to denote 
the sets of edges and vertices, respectively, of G. The symbol I S I is used 
to denote the cardinal number of any set S. Then we denote I V(G) I by 
o~0(G ) and [ E(G) f by cq(G). If G is connected, let FdG) be the set of 
spanning forests of G with i components, for i = 1, 2. The purpose of 
this note is to exhibit a relationship involving the Fi(G) which yields 
various combinatorial identities, and to compare the relative magnitudes 
of I FI(G) I and I F2(G) I. In particular we show that 
I F2(G) [ ~< (s0(G) -- 1)1Fa(G) I, (1.1) 
with equality if and only if G is a tree. 
2. BONDS 
Let G be a connected finite graph, and suppose that Tx and T~ are the 
components of a member F of F~(G). Those edges of G which have one 
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end in V(Tx) and the other end in V(T2) constitute a bond of G, which 
we shall denote by B(F). In general, several members of F~(G) may 
determine the same bond. 
3. THE MAIN  LEMMA 
Let F~(~)(G) = {F : F e F2(G); I B(F) I = k}. 
Using the notation of Sections 1 and 2, our main result may be stated 
as the following: 
LEMMA. Let G O be a finite collection of finite connected graphs. Then 
k y', I F~k)(G)[ = ~ (%(G) -- 1) IFI(G)I. (3.1) 
k=l G~G ~ G~G ~ 
PROOF: If G is a graph, and X a subset of E(G), we use G 9 X to denote 
the subgraph G' of G defined by V(G') = V(G) and E(G') = X. Now let 
G be a graph chosen from G ~ and F be a member of F2(G). If E belongs 
to B(F), then G 9 (F U E) is a spanning tree of G. Every member of F2(k)(G) 
will produce k spanning trees of G under this operation. Thus 
s k lF~k'(a)l 
kff i l  
counts all spanning trees of G; each tree T is counted with a certain 
multiplicity, that multiplicity being the number of ways of obtaining T by 
adjoining an edge to a spanning forest of 2 components. Each spanning 
tree T will be counted once for each edge of T, since removal of any edge 
of T produces a member of F2(G), and this operation is uniquely reversible. 
But each spanning tree has %(G) -- 1 edges. Therefore 
Thus 
k lF~)(a)l = (%(G) -- 1) I F~(a)l. (3.2) 
/r 
~ k[F~'(G)[ = Z (%(G) -- 1)[FI(G)I. (3.3) 
G~G ~ k=l G~G ~ 
Since the sum of the left contains only a finite number of terms, inter- 
changing the order of summation produces the required result. 
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4. APPLICATIONS 
First, we obtain an inequality. If G is finite and connected, we find 
k=l /c=l 
(4.1) 
with equality if and only if [ F~k)(G) I = 0 for k > 1. Hence 
I Fz(G) I ~ (%(G) - -  1)l Fx(G) 1, (4.2) 
with equality if and only if every edge of G is a loop or isthmus. 
Now we obtain an identity. Suppose that Kn is the n-clique (or complete 
n-graph); then it is well known [1, p. 59] that 
I FI(Kn) I = nn-~. 
Let x be a fixed vertex of Kn. Suppose a bond partitions the vertices of 
Kn so that the set not containing x contains r members. Then the bond 
has r(n " r) edges. There are ] FI(K,,) [ 9 I FI(K,_~) [ spanning forests 
which determine this particular bond. However, such a partition can 
arise in (%-!) ways. Thus 
) k I F~k)(g.)l = ~ n -- 1 r(n -- r) I Fx(K~)IIFI(K._~)I 
k=l r=l Y 
n--1 
= ~ (n--1)" yr__l(/7 - - r )  . . . .  1 
r=l Y 
and (3.2) yields the identity 
o1( ) 
2 n - -  1 rr_l( n_ r ) . _~,  l=(n_  1) n ~-2. 
r=l  r 
If one notes that, for the bi-clique Kin.., one has 
(4.3) 
[ Fl(gm.n) I -- mn-lnm-1, 
then one may use (3.2) to prove the identity 
(m + n)m~(n + 1) m-1 
-+i(m)( ) 
= ~ n + 1 (m - -  u ) t - l tm-Uun+l - t (n  + 1 -- t) ~-1, (4.4) 
u=l $=i t 
subject o the convention 0 ~ = 1. 
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Sometimes the main lemma may be used to find [ FI(G) ] explicitly, as 
illustrated in the following discussion. 
Let T,(n > 0) be the graph with vertex set consisting of v 1 , v 2 ..... 
v , ,  Vo~. If  (vi, v~) denotes the edge joining vi and vj ,  the edges of Tn are 
defined to be (v~, vi) for i ---- 1, 2,..., n and (vi, vi+a) for i ---- 1, 2 ..... n - -  1. 
In other words, Tn consists of  an arc with n vertices, each of which is 
joined to the vertex v~.  
Let V1, V~, be a partition of v(T~) such that v~ e V 1 . The edges E(V1, V2) 
of Tn with one end in each of 111 and V~ will be a bond of T, if and only 
if G - [E(T,~) -- E(VI,  V2)] has exactly two connected components, In 
particular the vertices of //2 must be those of a subarc v~, vi+l ,.,., v~ of 
the arc v~, v~ ..... v,~. Let us denote this arc by [v~, v~]. Conversely each 
such arc determines a unique bond of T , .  Let us define the numbers c,~, 
for n ) 0, by Co = 0, c, = I FI(T,) F for n > 0. There are three cases to 
consider. 
CASE 1. I f  1 < i ~ j < n, and [vi, vj] contains r ~ 1 vertices, there 
are c~_lc,_,._i+ x different members F of F2(T,~) such that the bond B 
corresponding to [vi, v~] has the property that B(F) = B. In each case 
the corresponding bond contains r § 2 edges. Thus such a bond contributes 
n+2--k 
CiCnw2_k_ i  
i=0 
members to Ft~k)(Tn), for 3 ~< k ~< n. 
CASE 2. I f l  = i~<j<nor l  ~i<~j=n, [v iv~]determinesabond 
with r + 1 edges, assuming [v~, vj] contains r ) 1 vertices. Such a bond 
contributes c,+1_~ members to F~k~(T,), for 2 ~ k ~ n. 
CASE 3. [v~ vj] = [v x vn]. There is exactly one bond of  n edges contrib- 
uted to F~'~)(T,~). Since the 3 families of  bonds considered above are 
disjoint, an application of  (3:1) defines c, recursively by 
c0 = 0, ncn = k ~ cic~+~-k-i q- 2 kc,~+l-k q- n, 
i=O = 
for n>~l  (4.5) 
where the first two sums are interpreted as zero if n < 2, and the first sum 
is zero for n = 2. Employing the method of  generating functions on (4.5) 
it can be shown that for n >/ 1, 
1 n n 
cn-  2n_ i k~__0 (2k + 1)5~3n-9"k-l" 
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5. A GENERALIZATION 
Although the main lemma was stated for graphs, the concepts involved 
are essentially matroidal. We use the definitions, notation, and properties 
of matroids as presented in [4]. 
I f  D is a dendroid of a matroid M and is a cell of D, there is a unique 
atom X of M such that X n D = (a}; this atom is denoted by J(D, a) 
(eft [4, p. 3]). 
For any atom X of M, let us define Dx as the collection of dendroids D 
of M such that X = J(D, a) for some cell a of X. Let us define n(M, k) = 
Z I Dx l, where the sum is for X ~ M, I X[ ---- k. Finally let us denote 
the rank of M and the number of dendroids of M by r(M) and d(M), 
respectively. Then we have the following analog of (3A) for matroids. 
I f  M ~ is a finite collection of finite matroids then 
i k ~_, n (M,k )= Z r(M) d(M) (5.1) 
g~l MeM o MeM O 
The proof of this theorem is analogous to that of (3.1). We consider the 
case where M ~ contains one matroid M; then the left side counts each 
dendroid precisely r(M) times, and this yields the right side. Thus the 
result follows. 
With every matroid, there is an associated matroid M* called the dual 
of M. The identity (5.1) for M*, interpreted in terms of M, produces the 
dual identity for M. I f  D is a dendr0id of a matroid M and E the set of 
cells of M and b ~ (E D), we define K(D, b) as the subset of E consisting 
of b and each a ~ D such that b ~ J(D, a). K(D, b) is the dual counterpart 
of J(D, a). Hence 
D*r = {D : Y = K(D, b) for someb~E} 
is dual to Dx. I f  m(M, k) = Z I D*r I, where the sum is over Y6 M, 
I Y I = k, m(M, k) is the dual counterpart ofn(M, k). Also d(M*) = d(M), 
and r(M*) = [ E I -- r(M). Hence the dual of (5.1) may be written as 
i k ~ m(M,k)= ~ ( ]E I - - r (M) )d (M) .  (5.2) 
k=l MeM o MeM O 
6, A SPECIAL CASE 
The result about to be proved is important when the class of matroids 
M ~ is self-dual. Let D o denote the collection of dendroids contained in 
the matroids of M ~ Then M ~ is said to be n-closed if 
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(i) every matroid of M ~ contains exactly n cells; 
(ii) there is a 1-1 mapping ~ of D o onto itself such that 
Ir + IDI  =n.  
It is well known [4, p. 6] that if M ~ is self-dual and satisfies (i) it also 
satisfies (ii). If M ~ is n-closed, (5.1) may be written as 
k E n(M,k)= n Z d(M) (6.1) 
k=l MEM o z., MEM O 
To establish this result, it is sufficient to prove that 
We note that 
2 ~, r(M)d(M)= n ~ d(M). 
MEM O MEM O 
~, r(M)d(M)= ~ I D[= ~ ]r 
MEM O D~D 0 D~D ~ 
hence 
2 r(M)d(M)= 
MEMo 
as required. 
(TD[q- [r ~ 1 =n ~ d(M), 
D~D 0 D~D 0 M~M 0 
7. DUAL IDENTITIES FOR GRAPHS 
To exhibit the dual identities for classes of graphs, we require the 
concept of a spanning q-graph. A connected graph containing exactly 
one polygon is a q-graph. A q-subgraph Q of a graph G is spanning if 
V(Q) : V(G). 
If G is a given connected graph, we let H(k)(G) be the set of spanning 
q-graphs of G whose polygon contains exactly k edges. If G O is a finite 
collection of finite connected graphs, then (5.2) may be written as 
k ~ [ Htk)(G)I = ~ (cr - -  %(G)  -}- 1) I FI(G)[. 
k=l G~G ~ GeG ~ 
(7.1) 
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8. FURTHER APPLICATIONS 
I f  the class of graphs G O consists of the single graph K~, for some 
n ~ 3, (7.1) yields 
fil~J---1/3g ~-1  ...  /3~k -1 n n-3 
Z (/31 - 1)! (/32 - 1)! .-. (/3k - 1), - (n - 3)t ' n ~ 3 ,  (8.1) 
C~) 
where the sum is over all composit ions (ordered partitions) of n into 3 or 
more (positive) parts, that is, over all solutions of/31 + 13 2 + ... -5/3~ = n, 
/3i > 0, k >~ 3. I f  G o is taken as the class of rooted plane maps with n 
edges, then (3.1) or (7.1), in conjunction with (6.1), yields the identity 
"~-~kk2(2k -5 u -- 2)! (2k § u)! (2n --  2u --  k q- 1)! (2n --  2u --  k -  1)! 
2 k~__ 1 z~= ~~.v (-u T ~)f (u -5 k)! (u -5 k -5 1)! (n -- u)! (n --  u --  1 ) ! - - - - ]  
t (n - -u - -k -5  1 ) ! (n - -k - -u ) !  ! 
(2n)! (2n -5 2)! 
n! (n + 1)!2(n -5 2)! ' 
a result implicit in (3). 
9. CONCLUSION 
It is not difficult to generalize (3.1) to the following. 
LEMMA. Let G O be a finite collection of finite connected graphs. Let 
weights from a commutative fi ld F of characteristic zero be assigned to the 
edges of the graphs of G ~ and the weight W(T) of a spanning tree T in any 
such graph be the sum of the weights of the edges of T. Let ffJ, the average 
weight of a spanning tree, be defined by 
GeG o G~G o T~O 
and let F~w)(G) be the set of spanning forests of two components in G whose 
bond has weight w (where the weight of a bond is the sum of the weights of 
the edges of the bond). Then 
-1 
o W~F GeG 0 
(Similar generalizations made for the other lemmas above.) 
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